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Abstract

Given any abelian group G, the generalized dihedral group of G is the semi-direct
product of Cy = {1} and G, denoted D(G) = Cs X, G. The homomorphism ¢ maps
C5 to the automorphism group of G, providing an action on G by inverting elements.
The groups D(G) generalize the classical dihedral groups, as evidenced by the isomor-
phism between D(Z,) and D,,. We will characterize the abelian generalized dihedral
groups and supply structural information regarding centers and Sylow subgroups. We
attempt to identify the groups D(G) up to isomorphism as we dihedralize each abelian
group G of order 1 to 24. The results appear in the table in Appendix C.

1 Introduction

Nearly every grade school student, when working with a construction paper square in art
class or playing Four Square at recess, has observed the symmetries of a square. What the
young students did not realize was that the exploration of symmetries of polygons leads to
the dihedral groups, which are essential to studies in group theory, geometry and chemistry.
The classical dihedral groups have been thoroughly studied by mathematicians for some
time, and because of their structure it is not unusual for these groups to be explored in an
undergraduate-level course. Initially, our mission will be to determine the correct general-
ization of the dihedral groups. Once the correct generalization is established, our goal will
be to compile a “dictionary” of generalized dihedral groups of small order. The purpose of
compiling the dictionary will be to make conjectures about the structure of D(G) based on
that of GG. The first step in completing the dictionary will be to create a list of all abelian
groups up to order 24. We will then attempt to compute the generalized dihedral group
D(G) for each abelian group G in our list. We will see that the computation of some groups
will require more work than others; we will provide some sample calculations here. Finally,
we will study the Sylow structure of D(G) to see how it relates to the Sylow structure of
the associated abelian group G. We begin our exploration with a discussion of the classical

dihedral groups.

2 The Classical Dihedral Groups

We define the dihedral groups as the groups of geometric symmetries of regular polygons.
These symmetries are found in both the rotations and the reflections of the figure. Gen-

erally speaking, a regular polygon with n sides has 2n different symmetries which include



n rotational symmetries and n reflective symmetries. With the operation of composition,
these symmetries form the dihedral group D,,, where the subscript n indicates the number

of sides of the polygon.

2.1 The Dihedral Group D,

As an example, we will focus on the group of symmetries of the square, which is the dihedral
group Dy4. It should be mentioned here that some mathematicians denote the group of
symmetries of the square by Dg, where the subscript indicates the number of symmetries of
the square. We, of course, will use the notation Dj.

Rotating the square gives rise to four symmetries. We will label them as follows:

1 = identity rotation (no motion)
Rgo = rotation 90° counterclockwise
R1g9 = rotation 180° counterclockwise

Ry79 = rotation 270° counterclockwise.

Additionally, the reflections across the diagonal, vertical, and horizontal lines of symmetry

give rise to four more symmetries. We will denote these as follows:

S, = reflection through the vertical line
Sy = reflection through the horizontal line
Sg1 = reflection through the diagonal running northwest to southeast

Sgo = reflection through the diagonal running northeast to southwest.

We gain a more complete understanding of the group D, when we start to combine one
motion with another motion. For example, we may combine a rotation of 90° with a rotation
of 180°. The result is a rotation by 270°, which we write as Rig9 0 Rgg = Ra79. Likewise, we
might follow a rotation by 180° with a reflection through the vertical line of symmetry. This
composition would be no different than simply performing a reflection through the horizontal
line of symmetry, and we can express this as S, o Rigg = Sp,.

Since inverse elements play an important role in algebra, it is interesting to think about
which motions behave as inverses of other motions. For example, a reflection through the
diagonal line running northwest to southeast followed by a reflection through that same
diagonal line brings us to the original position, that is, the identity rotation. In fact, each
reflection behaves this way: each reflective motion is its own inverse. In other words, the
four reflections in this group are each of order two. Notice that while the same can be said

for the rotation by 180°, it is the only rotation of order two.



2.2 Structure of D,

To better understand the generalization of these classical dihedral groups we will look at the

structure of the specific dihedral group D,. The Cayley table for D, is given below.

o I | Roo | Rigo | Ravo | So | Sk | Sar | Saz
1 1 | Rygo | Rigo | Rovo | So | Sk | Sar | Saz
Rgo | Roo | Riso | Raro | 1 Sat | Saz | Sn | Su
Rigo || Rigo | Roro | 1 | Roo | Sn | Su | Saz | Sa1
Rozo || Raro | 1 | Roo | Rago | Saz | Sar | Sv | Sh
Sy Se | Sa2 | Sh | Sar 1 | Riso | Raro | Roo
Sh Sho| St | Se | Sa2 | Riso| 1 | Reo | Raro
Sat || Sar | Sv | Saz | Sh | Reo | Roo | 1 | Ruso
Saz || Saz | Sn | S | Sy | Roro | Roo | Riso | 1

Note that D, is non-abelian; for instance the elements S, and Sj do not commute. Next
we may observe the partitioning of the table. Each of the four “quadrants” is exclusively
rotations or reflections. It turns out that the rotations form a cyclic subgroup generated by
the smallest rotation, Rgy. What’s more, the subgroup of rotations is normal in D, as it is
of index two.

Take the reflection S, in Dy, and let H be the subgroup formed by the identity and this
reflection, so H = {1, 5,}. A check of this reflective subgroup reveals that H is not normal:
H is not closed under conjugation since Rgy o S, o Rgol = 5;,. Notice here that Rgol = Ryro.
What is truly remarkable is that we can produce every element of D4 simply by hitting each
element of H against each element of R, where R is the subgroup of rotations. That is,
composing 1 with each element of R will produce all of the rotations, and composing the
single reflection S, with each element of R will produce all of the reflections. For example,
we can obtain the reflection Sy in this way by noting the composition S, o Rgg = Sgo. Thus

the dihedral group D4 can be expressed as
D4 == HR

where the juxtaposition of these subgroups simply means to take all products of elements

between them. Additionally, we observe that H and R intersect trivially, that is
HnNR ={1}.

Lastly, we remark on the relation between conjugates and inverses. One can check that
if we conjugate a rotation by a reflection, we are returned the inverse of that rotation. For
example, we have S, o Rggo0 S, = 5,0 Rgg0 S, = Rayo. Notice here that Rayg is in fact the

inverse of Rgg. We say that conjugation acts by inversion on the subgroup R of rotations.



3 Semi-direct Products and Generalized Dihedral Groups

3.1 Semi-direct Products

We are nearly ready to generalize the classical dihedral groups, but in order to do so we

must discuss the role of automorphisms in semi-direct products.

Definition 3.1. An automorphism of a group G is an isomorphism ¢ : G — G. The set of

all such automorphisms is denoted Aut(G).

One can check that Aut(G) forms a group under composition, known as the automorphism
group of G.

Let’s consider, for example, a group G on which we define a function i : G — G by
i(g) = g~', where i here stands for inversion. We will prove in the following proposition
that it is the abelian quality of G that makes inversion a homomorphism and ultimately an

automorphism.

1

Proposition 3.2. Let G be a group and define i : G — G by i(g) = g~ . The function i is

an automorphism if and only if G is abelian.

Proof. First we will show that 7 is bijective. Take g € G and apply i o i:
(i0d)(g) =ili(g)) =ilg™) =(¢7) " =g

Thus we see that 1 07 = 14, so ¢ is a bijection.
Next we will prove that ¢ is a homomorphism if and only if G is abelian. First assume
that G is abelian, and take any a,b € G. Computing the inverse of the product of these two

elements we get
i(ab) = (ab) ' =bta P = a0 =i(a)i(b).

Hence 7 is a homomorphism.

Now we will assume that ¢ is a homomorphism. Note that
i(ab) = i(a)i(b) = a o' = (ba) " = i(ba).

We now have i(ab) = i(ba), and applying i to both sides of this equation gives ab = ba.
Hence G is abelian. O

We see now that if G is abelian, then ¢ belongs to Aut(G), the automorphism group of G.
Later we find that this special homomorphism produces the multiplication in the semi-direct
product which will generalize the dihedral groups.

Many groups such as R? and the Klein four-group are direct products of other groups.

We might think of a group like R? as being constructed from two copies of R in a cross

4



product (the external version) or as the decomposition into the z-axis and y-axis (the internal
version). In either case, we have a direct product concerning two subgroups, each of which is
normal in the parent group. Many groups cannot be distilled into a direct product, however
some may be decomposed into a semi-direct product. A semi-direct product has both internal
and external versions as well, but only one of the factors is normal in the semi-direct product.
In essence, the normality of one factor in the direct product is replaced in the semi-direct
product with an action on the automorphism group of the other (the normal one). The
homomorphism which acts on the normal factor in the semi-direct product gives rise to a

group operation.

Definition 3.3. Suppose that GG is a group with subgroups H and N. The group G is the
internal semi-direct product of H with N, written G = H x N, if

1. G=HN,
2. HN N = {e}, and
3. N is normal in G.

There is a canonical homomorphism ¢ : H — Aut(/N) given by conjugation by elements
of H. We will write ¢, € Aut(N) instead of ¢(h) € Aut(N). So, for h € H and n € N,
we have p,(n) = hnh™'. This action determines the operation of G on its elements hn as
follows:

(hlnl)(hgng) = (hlhg)(hglnlhznz)
= (h1h2) (-1 (n1)na2).

As we have already suggested, there is an external version of the semi-direct product. It

is described in the definition that follows.

Definition 3.4. Suppose H and N are groups. Let ¢ : H — Aut(N) be a homomorphism.
The external semi-direct product of H with N under ¢, denoted H x, N, is the group of
ordered pairs (h,n) (where h € H and n € N) under the operation

(h1,m1)(h2,n2) = (hihs, <ph2—1(n1)n2).

It turns out that the internal and external versions of the semi-direct product are equiva-
lent, but before we prove this we need to address the uniqueness of representation of elements

in an internal semi-direct product.

Lemma 3.5. Assume that G = H x N. Then each g € G is uniquely expressible as g = hn
forhe H andn € N.



Proof. We want to show that if hyn; = hong then hy = hy and ny = ns, where hy,hy € H

and ni,ny € N. Supposing hin; = honoe we have

hiny = hang
hflhml = h;1h2n2
nny b = hy'hayngony !
n1n2_1 = ]’Ll_lhg.
This result indicates that an element in N is equal to an element in H. Since G = H x N,

we know that HNN = {e}. Therefore, we can conclude that nyn,* = hy'hy = e. We readily
find that n; = ne and hy = hs. O

Theorem 3.6. The internal semi-direct product G = H x N s isomorphic to the external

version H %, N, where the homomorphism ¢ : H — Aut(N) is defined by conjugation.

Proof. Define A\ : H x N — H x, N by A(hn) = (h,n) for h € H,n € N. Take elements

hi,hs € H and ni,ny € N. Now A\ is a homomorphism, as seen in the following;:

((h1h2)(ps1(n1)n2))
1ha, gy (n1)n2)

1,n1)(h2,n2)
)\(hlnl))\(hgng).

A((hina)(hanz)) = A
(h
(h

Next we need to show that A is invertible. Let’s define x : H x, N — H x N by
k(h,n) = hn for h € Hyn € N. Apply ko X to hn and get

(ko A)(hn) = k(h,n) = hn.
Similarly we compute the following:
(Ao r)(h,n) = A(hn) = (h,n).

Hence we have shown that K o A = 15 and A o k = 1p,,n. Therefore X is an isomorphism
between H x N and H x, N. O

3.2 Generalized Dihedral Groups

The classical dihedral groups are well-known to mathematicians. The specific case of Dy
considered in Section 2.1 is representative of the classical dihedral groups. As we noted in

Section 2.2, the group D, with its subgroup of rotations R and subgroup H containing a



single reflection can be written as Dy = HR. The cyclic subgroup R is normal in D, and
the subgroups H and R intersect trivially. The group D, meets the definition of semi-direct
product and can be expressed as H x R. By Theorem 3.6, we know that H x R = H x, R
where the homomorphism ¢ is defined by conjugation. Additionally, in Dy, conjugation
of a rotation by the single reflection in H results in the inverse of that rotation. Thus H
acts on R by inversion. One can check that the two-element group H is isomorphic to the
multiplicative group Cy = {£1}. Now the homomorphism ¢ maps Cs to the automorphism
group of R where ¢1(g9) = g and p_i(g) = ¢! for any g € R. This structure leads us
directly to the generalization of the dihedral groups. The group of rotations generalizes to
any abelian group G and the reflection group H is represented by the group Cy. We can
succinctly define the generalized dihedral group D(G) below.

Definition 3.7. Let G be an abelian group. Define an action ¢ : Cy — Aut(G) by

for each g € G. The generalized dihedral group of G is defined as D(G) = Cy X, G.

Since the subgroup C5 contains only the elements 1, we can simplify the following:

For any h being +1 and any g € G we can conclude that ¢;(g) = g".

4 Main Results

4.1 The Group Operation and Subgroups

It will be helpful to simplify the multiplication that is part of the structure of the generalized
dihedral groups. Since we are working with a semi-direct product we multiply according to
the laws described in Section 3.1. For (¢, ¢1), (¢2, g2) € D(G) we have by definition

(01791)(62792) = (01027 90651(91)92)
= (01027 Peoy (91)92)
= (0102,9?92)'

Note in the above that we used ¢y = ¢, * for ¢; = 1. Recognizing this simplified product
will be useful in much of the work that follows.

The following proposition states that dihedralization preserves subgroups.

7



Proposition 4.1. If H is a subgroup of an abelian group G then D(H) is a subgroup of
D(G).

Proof. We will use the subgroup test. First, D(H) is not empty as (1,e) € D(H). To show
closure under multiplication, take (c1, h1), (c2, ho) € D(H). Forming the product, we get

(c1, h1)(c2, he) = (c102, hi*h2)

which lives in D(H). Finally, we claim that inverses exist in D(H). Moreover we assert that
(c,h)™' = (¢, h ™). To see this, note that

(c,h)(c,h™¢) = (* h°h™°) = (1,¢)
and similarly (¢, h=¢)(c, h) produces the identity. Thus D(H) is a subgroup of D(G). O

The next proposition asserts that if H is a subgroup of G then it also appears as a
subgroup of D(G).

Proposition 4.2. If H is a subgroup of the abelian group G, then H = {1} x H is a subgroup
of D(G).

Proof. We will use the subgroup test. We first note that {1} x H is not empty for it contains
(1,e). Given (1,hy),(1,he) € {1} x H we get

(1, h1)(1, ha) = (1, hiha).
Thus {1} x H is closed under multiplication. Given (1,h) € {1} x H we have (1,h)"! =

(1, A1) which shows closure under taking inverses. Thus {1} x H is a subgroup of D(G). [

4.2 Elements of Order Two

Elements of order two are intriguing if for no other reason than they are their own inverses.
Their quantity alone is noteworthy in the classical dihedral groups: as we have already seen,
every reflection in D, is of order two. We will make some observations here about elements

that square to the identity. Of particular relevance is the subgroup of these elements.

Definition 4.3. Let G be an abelian group. The set G5 is comprised of all elements of G
which square to the identity, namely Gy = {g € G | g*> = e}.

It is probably not too surprising that the set defined here is a subgroup.

Proposition 4.4. For any abelian group G, the set G is a subgroup of G.



Proof. We will use the subgroup test. First, Gy is non-empty because e lives in G as e? = e.

Secondly, G is closed under multiplication. For x,y € G5, the square of their product is

(zy)? = zyay = zayy = 2°y° = e,

so xy belongs to G5. Finally, we claim that inverses exist in G,. Take x € G5 and square its

inverse to get
(lfl)Z — (l_Z)fl — 671 = e.

Thus Gy is closed under taking inverses and is a subgroup of G. m

We can now make some determinations about the elements of order two in generalized

dihedral groups.

Proposition 4.5. Given any generalized dihedral group D(G), every element of the form
(=1, g) is of order two.

Proof. Squaring (—1, g) yields the identity since (—1,9)* = (=1,9)(—=1,9) = (1,¢7'g) =
(1,e). O

Half of the elements of D(G) are of the form (—1, g), so it immediately follows that at
least half of the elements of D(G) are of order two. Another proposition tells us about

elements of the form (1, g).

Proposition 4.6. Let D(G) be a generalized dihedral group. An element of the form (1,g)
squares to the identity if and only if g> = e.

Proof. This follows from the identity (1, g)* = (1, ¢°). O

Theorem 4.7. Suppose that G is a finite abelian group. Then the number of elements of
order two in D(G) is
G| + |Gy — 1.

Proof. We can look at this one piece at a time. First, Proposition 4.5 tells us that every
element of the form (—1,¢) is of order two, so we have |G| elements of order two thus far.
Secondly, we want to include the elements of the form (1,g) that are of order two. By
Proposition 4.6 we know that the number of elements of the form (1, g) that square to the
identity would be equal to |Gs|. Since |Gs| includes e € G which is of order one, we need to
subtract 1 from |Gy O

Knowing the order of G5 can actually give us good information about the group D(G).
For instance, D(G) is abelian if and only if Go = G. The following theorem tells us this.

Theorem 4.8. Let G be an abelian group. The following statements are equivalent:

9



1. D(Q) is abelian.
2. g>=¢c forallgecG.
3. D(G) = Cy x G.

Proof. We will complete the proof in three parts.
Claim. D(G) = Cy x G if and only if g*> = e for all g € G.

First assume D(G) = Cy x G. Considering the product (1,¢9)(—1,¢) in D(G), we get
(1,9)(—1,e) = (—=1,¢g7"). The same product in Cy x G yields (1,g)(—1,¢) = (—1,g). Since
these two products are the same we have g~! = ¢, or equivalently, ¢*> = e.

Next we assume that g> = e for all g € G. We take the product (¢, g1)(cz2, g2) in D(G),
obtaining

(c1, 91)(c2, 92) = (12, 972 g2) = (€12, G192)-
Note the result in the last equality is true regardless of the value of ¢, since g;* = g;. We

recognize this product as precisely the product (¢q,g1)(c2, g2) in Cy X G.

Claim. If D(G) is abelian then g*> = e for all g € G.
Given (1,9),(—1,e) € D(G), we compute their products in parallel:

Thus we find g~! = ¢, which implies ¢* = e.

Lastly, notice that statement 3 implies statement 1 since the direct product of two abelian

groups is itself abelian. O

4.3 Centers

In order to better evaluate generalized dihedral groups we should also explore the notion of
centers. We can use centers to classify groups, so they will become a useful tool in calculating
D(G).

Definition 4.9. The center of a group G, denoted Z((), is the set of elements that commute
with all elements of G. That is, Z(G) = {a € G | ag = ga Vg € G}.

The next two propositions will allow us to speak of the center of a group as being a

normal subgroup of the parent group.

Proposition 4.10. The center of a group G is a subgroup of G.

10



Proof. We will use the subgroup test. We know that Z((G) is non-empty since e € Z(G). To
show closure under multiplication, let’s take x,y € Z(G) and any g € G and calculate the
following product:

TYg = gy = gry.
Thus we conclude that the product zy is in Z(G). We next show that inverses exist in Z(G).
Take z € Z(G), g € G and note that

vlg=(g7"r) = (xg ) =gx
Thus the inverse of x belongs to Z(G) as well, and we can finally conclude that Z(G) is a
subgroup of G. O

Proposition 4.11. The center Z(G) is a normal subgroup in G.

Proof. To show that Z(G) is normal in G, we need to show for all g in G and z in Z(G) that
grg~! is in the center of G. That is, we must show grg~'h = hgzg™! for all h € G. Since

x € Z(G), we have

grg *h = gg 'zh
=xh
= hx

= h:lcggf1

= hgzg™ '

Hence Z(G) is a normal subgroup in G. O
Now let’s direct our attention to the centers of generalized dihedral groups.

Proposition 4.12. Given any abelian group G, the element (1,g) is in Z(D(G)) if and only
if ¢* = e.

Proof. First we'll assume that (1,9) € Z(D(G)). Take (—1,e) € D(G). Since (1,g9) €
Z(D(G)) we have

1

Hence we have ¢g~! = g which means ¢* = e.

Next let’s assume that g> = e. To prove that (1,9) € Z(D(G)) we will show that
(1,9)(c,h) = (¢, h)(1, g) for all (¢, h) € D(G). On the left we get

(1,9)(c,h) = (¢,9°h) = (c, gh).

11



Here this reduces as such regardless of the value of ¢ since g=! = g. On the right we get

(e, h)(1,9) = (¢, hg) = (¢, gh).
Therefore (1, g) is in Z(D(Q)). O

Oddly enough, we see in the following proposition that having an element of the form
(—1, ¢) in the center of D(G) is rare.

Proposition 4.13. Given any abelian group G, the element (—1, g) is in the center of D(QG)
if and only if D(G) is abelian.

Proof. The implication (=) is the only direction requiring proof. Suppose that (—1,g) €
Z(D(G)). Now take (1,h) € D(G), where h is any element of G. We know that (—1, ¢) will

commute with (1, ) and so

(=1,9)(1,h) = (1,h)(-1,9)
(—=1,9h) = (=1,h"g)
(_17 gh) = (_17 gh_l)'

The equation above implies that gh = gh™! or that h = h~!. Thus we know that h? = e for
any h € GG. We can conclude that D(G) is abelian by Theorem 4.8. O

Next we will focus on the centers of non-abelian generalized dihedral groups. An imme-

diate result of the preceding two propositions resides in the next corollary.

Corollary 4.14. Given any abelian group G, if the generalized dihedral group D(G) is non-
abelian then Z(D(G)) = {(1,9) | ¢* = e}.

Proof. Elements in D(G) look like either (1,g) or (—1,¢g). Since D(G) is non-abelian it
follows from Proposition 4.13 that Z(D(G)) will not contain elements of the form (—1, g).
It follows immediately from Proposition 4.12 that the elements of the center of D(G) are of
the form (1, g) where ¢g* = e. O

4.4 The Isomorphism Problem

The next theorem shows that for a large class of abelian groups GG, the generalized dihedral

group D(G) determines G' up to isomorphism.
Theorem 4.15. Let H and K be abelian groups. Then:

1. If H= K then D(H) = D(K).

12



2. If D(H) = D(K) and D(H) is not abelian, then H = K.
3. If D(H) = D(K) and H is finite, then H = K.

Proof. To prove the first statement, suppose H = K. Then there exists an isomorphism
0 : H— K. Define ¢ : D(H) — D(K) by ¢(c,h) = (¢,6(h)). One can easily check that ¢
is bijective and that ¢ is a homomorphism; these follow because 6 has the same properties.
Thus ¢ provides an isomorphism from D(H) to D(K).

For the second statement, suppose D(H) = D(K) and D(H) is not abelian. Then D(K)
is also non-abelian and there is an isomorphism « : D(H) — D(K). Given (1,h) € D(H),
we would like to show that «(1,h) = (1, k) for some k € K. Suppose not, so that a(1,h) =
(—1,k). By Proposition 4.5, the element (—1, k) is of order two, and so the same must be
true of (1, k). From this we deduce that h? = e in H, and Proposition 4.12 shows that (1, h)
must belong to Z(D(H)). But as « is an isomorphism it preserves central elements, and so
(—1, k) must belong to Z(D(K)). Proposition 4.13 now shows that D(K) must be abelian,
a contradiction.

Given any h € H, we now have that «(1, k) has the form (1, k) for a uniquely determined
element k € K. Setting 7(h) = k defines a function 7 : H — K. In short, 7(h) is the unique
element of K satisfying the equation «a(1,h) = (1,7(h)). We claim that 7 : H — K is an
isomorphism.

First we show that 7 is a homomorphism. Apply « to the product (1,h1)(1,hs) € D(H)
to get

a((1,h1)(1, he)) = a(l, hihs) = (1,7(h1hs)).

Now since « is a homomorphism this is equal to
a(l, hy)a(l, he) = (1,7(h1)) (1, 7(h2)) = (1,7(h1)7(h2)).

We conclude that (1,7(h1h2)) = (1,7(h1)7(h2)). Equating corresponding components we
get 7(hihg) = 7(h1)7(hs), and thus 7 is a homomorphism.

Next we show that 7 is injective. Given h € H, suppose that 7(h) = e. Now we know
a(1,h) = (1,7(h)) = (1,¢).

Since « is an isomorphism, (1,h) = (1,e). Therefore we conclude h = e and Ker(7) = {e}.
Thus 7 is injective.

Lastly we show that 7 is surjective. Fix k € K. Since « is surjective we know there exists
(c,h) € D(H) with a(c,h) = (1,k). We argue on a~! as we did on a above and find that
(¢, h) must be (1,h). Thus we have

a(l,h) = (1,7(h)) = (1, k).
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This implies that 7(h) = k, and thus 7 is surjective. Therefore we conclude that 7 is an
isomorphism and H = K.
Finally, suppose that D(H) = D(K) and that H is finite. If D(H) is non-abelian then
H = K by the previous result. Suppose that D(H) is abelian. By Theorem 4.8 we know
that D(H) abelian implies h? = ¢ for all h € H. By the Fundamental Theorem of Finite
Abelian Groups, we must have
H =2 (Zy)*

for some positive integer k. Likewise, we have that D(K) is abelian and so
K = (Zy)™

for some positive integer m. Now by assumption, D(H) = D(K), and by Theorem 4.8 we
conclude that Zy x H = Zy x K. This forces

2k+1 — 2m+1

since isomorphic groups have the same number of elements. This implies that £ = m, and
hence H = K. O

When D(G) is infinite and abelian, Theorem 4.15 does not imply that D(G) determines

G up to isomorphism. This question remains unresolved.

5 Calculations of Generalized Dihedral Groups

5.1 Dihedralizing Z, X Zy4

Compiling a list of dihedralized groups will allow us to make some conjectures about the
dihedralization of the abelian groups in general. We will begin with a list of known abelian
groups and calculate the dihedralized groups for each one in turn. Our exploration of gen-
eralized dihedral groups will start then with the smallest of the abelian groups, the trivial
group {e}. It is immediate that when we dihedralize the trivial group we are returned one
copy of Zs. (Note that Cy = Zs.)

In our calculations we will have many dihedralized groups that reduce to the classical
dihedral groups. Recall from Section 3.2 that the group D, is representable as H X R, where
R is the group of rotations. Since R is a cyclic group of order four, we can rewrite this as
D(Z,4) = D,. Likewise, for n > 3 we have D(Z,) = D,,, the group of symmetries of a regular
polygon with n sides.

Additionally, a direct application of Theorem 4.8 reveals that D((Zy)") = (Z3)"™! as each

non-identity element of (Z)™ has order two. So for example, we have D(Zy) = Zo X Zy. Thus
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the dihedralization of many of the abelian groups will be rather straightforward. However,
those that are not will require some careful consideration.

If we turn to Appendix C we find that the first nine generalized dihedral groups of Table
C result in either multiple copies of Zs or classical dihedral groups. The first abelian group of
interest then is Zy x Z,4. This group will involve significantly more thought since it is neither
of the form (Zy)™ nor Z,. The more challenging groups to decipher will require knowledge
of centers and elements of order two.

We assert by Theorem 4.8 that the dihedralization of Z, x Z4 results in a non-abelian
group, and we also observe that it is of order 16 since |D(Zy X Z4)| = |Cs||Zs||Z4|. To
further describe this non-abelian group, we would like to know something about its center.
Information about Z(D(Zy x Z4)) will come from a subgroup of Zs x Zg4, precisely the
subgroup of elements that square to the identity. The following table shows us which elements

of Zy x 74 square to the identity:

g 29
(0, 0) | (0, 0)
(0,1) | (0,2)
(0, 2) | (0, 0)
(0,3) | (0,2)
(1, 0) | (0, 0)
(1,1) | (0,2)
(1, 2) | (0, 0)
(1,3) | (0,2)

Thus if G = Zy x Z4, the above table shows that
G2 = {<07 O>7 (07 2)7 (17 0)7 (17 2>}

By applying Corollary 4.14 we find that the elements of Z(D(Zs x Z,)) correspond to the
elements of GG5. Of note here, too, is that this center must be isomorphic to the Klein
four-group since no element of Gy has order four.

We now know that D(Zy x Z4) is a non-abelian group of order 16 whose center is isomor-
phic to Zg X Zs. If we turn to Table A (taken from [4]) which lists the non-abelian groups of
order 16, we see that both of the groups Cs x D4 and Cs X (Qg have centers isomorphic to the
Klein four-group. Note here that Qg is the quaternion group with elements {+1, +i, +5, +k}
under multiplication. We next utilize information about the number of elements of order
two to help us distinguish Cy x D4 from Cy X Qg . In the following analysis we will count
the number of elements of order two in Cy x D4 and in Cy X Qg as well as in our group
D(Zy x Z4). This will determine whether D(Zy X Z,) is isomorphic to Cy X Dy or to Cy X Qs.
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e (5 X Dy: The group D, consists of five elements of order two, namely each of the
reflections and the rotation by 180°. So in Cy x D, there are at least ten elements of
order two, as we have paired +1 with each of the five elements of order two in D4. To
this set of ten elements we must add the ordered pair with —1 in the first slot and the
identity rotation from D, in the second slot. Thus there are 11 elements of order two

in the group Cs x Dy.

e (5 X Qg: The group (g includes only the element —1 that is of order two. So in
C5 X Qg there are at least two elements of order two, as we have paired 1 with the
element —1. Additionally the element (—1,1) is of order two. Consequently we have

determined there to be three elements of order two in the group Cy x Qs.

o D(Zy x Zys): We can determine the number of elements of order two in D(Zy X Zj)
when we apply Theorem 4.7. Here of course our group G is Zy X Z4. Our calculations
produce the following:

|G|+ |Go] —1=8+4—1=11.

So we find there are 11 elements of order two in D(Zy X Zj).

We can finally conclude that D(Zy x Z4) must be isomorphic to Cy x D4. Considerable work
went into calculating this rather small generalized dihedral group. A result that follows later

will enable us to calculate groups like Zs x Z,, with significantly less effort.

5.2 Dihedralizing Zs x Zs

The next abelian group in Table C that will require some interesting analysis is the group
Z3 x Z3. We can conclude by Theorem 4.8 that D(Z3 x Zs) is a non-abelian group. It of
course has order 18. To further characterize this group we will describe its center. Therefore
we need to count the number of elements of G = Z3 x Z3 that square to the identity. Since
G here has order nine it contains no elements of order two, and thus we find G = {(0,0)}.
By Theorem 4.14 we can assert that D(G) has the trivial group as its center. If we turn to
the table of non-abelian groups of order 18 in Appendix B (taken from [4]) we discover that
the group Dy has trivial center as does the group D3 x¥ Ds. The construction of the group
D3 x? D3 that appears in [4] is beyond the scope of this paper. A distinguishing feature
between these two groups is their subgroups. Since having subgroups of equal order is an
invariant under isomorphism, we will use this to determine the group that is not isomorphic
to D(Zs x Zs3) and consequently to determine the group that is.

The classical dihedral group Dy has a subgroup of order nine, namely the cyclic subgroup
of rotations. Now a calculation of the orders of the elements of D(Z3 x Z3) reveals that our

group does not have a cyclic subgroup of order nine. Therefore we conclude that D(ZsxZ3) 2
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Dy. We can conclude then that our non-abelian group is isomorphic to D3 x¥ Dy, which is
not helpful. However we will give a nice matrix representation of D(Z3 x Zs) in the next

section.

5.3 Matrix Representation of D(Zs x Zs)

With the help of Magma [1], a software package designed to solve computationally difficult
problems in algebra, we have identified a matrix representation for the group D(Zs X Zs).
Recall that GL(n, F') denotes the group of all nonsingular n x n matrices over the field F.
A matrix representation of D(Zj x Z3) as a subgroup of GL(3,7Z3) may be defined by the

group of matrices
100

010

a b c

where a, b, c € Z3 with ¢ = +1. We will refer to this matrix representation as 73. With three
choices for each of @ and b and two choices for ¢, the order is correct giving |75 = 3-3-2 = 18.

We will use the subgroup test to confirm that T3 is a subgroup of GL(3,Z3).
e The set T3 is non-empty since it includes the 3-by-3 identity matrix.

e The set Tj is closed under multiplication. Take any two matrices

1 0 0 1 0 O
01 01,10 0
a b +1 r y =+l
where a, b, z,y € Z3. We multiply to get
1 0 0 1 0 O 1 0 0
01 0|01 0 |= 0 1 0
a b +1 r y =+l atxr bty =1

Thus the resulting matrix belongs to T3.
e The set Tj is closed under taking inverses. We note two cases.
Case 1. If ¢ = —1 then the matrix is its own inverse.

Case 2. If ¢ = 1 then the inverse is as follows:

-1

Q@ O =

0 0
10 =10
b 1
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One can check that these inverses are correct, and that they belong to T5.

Thus T3 is a subgroup of GL(3,Z3).

Matrices do not generally commute under multiplication. In 75 we have

1 00 10 0 1 0 0

010]-]01 O0]=101 0

011 01 —1 0 2 —1
Notice that these elements do not commute as

1 0 0 1 00 1 0 0

01 0 01 0]l=1]01 0

01 —1 011 00 —1

Thus T3 is a non-abelian group.

To determine the isomorphism type of this non-abelian matrix group of order 18, we turn
again to the table in Appendix B. We find that T3 is one of three groups. We already know
a lot about the order of half of the elements in T3. Each of the elements with ¢ = —1 is its
own inverse, so we know that at least half of the elements are of order two. It turns out that
each of the non-identity elements with ¢ = 1 is of order three. We conclude then that T3
does not have a cyclic subgroup of order nine. Thus it is isomorphic to either D3 x C3 or
D3 x” Ds. We now consider the center of T3 in order to distinguish the two groups in the
table. It turns out that none of the matrices (with the exception of the identity matrix) will
commute with all of the matrices of the group. One can check this by computing ten pairs
of matrix products. Thus we find that the center of T is trivial, and 73 must be isomorphic

to D3 x” D3. We can conclude that T3 is a matrix representation of D(Zs x Z3).

5.4 Dihedralization of C5 x G

In mathematics and other sciences, the compilation of data can suggest trends. Notice in
our table in Appendix C that a number of the abelian groups are of the form Zy x G where
G is abelian. We have already calculated the dihedralization of one such group when we
dihedralized Zy x Z,. Recall that the calculation was quite involved. It will ease our work
greatly if we can develop a simplification for the dihedralization of groups like this one. The
next theorem we discuss does just that.

This theorem indicates that a particular semi-direct product can be rewritten as a direct
product that includes as one of its factors a semi-direct product. In essence, we are allowed
to “slip out” a factor of Zs in certain situations. In proving this result, special attention
must be paid to the multiplication of elements in the groups. In some instances we are
multiplying elements from a semi-direct product and in other instances we are multiplying

elements from a direct product.
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Theorem 5.1. Given any abelian group G, the group D(Coy X G) is isomorphic to Cy x D(G).

PTOOf. Recall that D(Cg X G) = CQ X (CQ X G) and Cg X D(G) = CQ X (CQ X G) We
define a: D(Cy x G) — Cy x D(G) by

a(a, (b’ g)) = (b7 (au g))

where (a, (b, g)) € D(Cy x G).
We will first show that « is a homomorphism. Take (a, (b, g)), (¢, (d,h)) € D(Cy x G).

Now apply « as follows:

a((a, (b, 9))(c, (d, h))) = a(ac, (b, 9)°(d, h))

In the above, we were able to reduce b¢ to b since b, c = £1. Next we will apply « to each of
(a,(b,g)) and (¢, (d, h)) and compute their product. We get

afa, (b, g))a(c, (d, h)) = (b, (a, 9))(d; (¢, h))
= (bd, (a,g)(c, h))
= (bd, (ac, g°h)).

Thus « is a homomorphism.

Next we define 3 : Cy x D(G) — D(Cy x G) by

Bla, (b,g)) = (b, (a, 9))
for (a, (b, g)) € Cy x D(G). Given « and 3 as defined, it follows immediately that
foa=1pc,xa)
aof=1lexp@)-
Hence « is an isomorphism. O
The ease that this preceding theorem affords is made clear in the next example.

Example 5.2. To dihedralize Zy x Zg we can effectively “slip out” a factor of Z,. We apply

Theorem 5.1 here, and we have

D(Zg X Z()) = Zg X D(Z()) = Zg X D6.
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Now we are equipped with the tools to calculate nearly all of the generalized dihedral
groups up to order 48. Theorem 5.1 coupled with our earlier results allows us to dihedralize
the abelian groups through order 24, with the single exception of the group Z4 x Z4. Notice
that the order of D(Z4 x Z4) is 32, a power of two. There are numerous non-abelian groups
of order 32 with centers that are the same as the center of D(Z4 x Z4), impacting our ability

to identify D(Z4 x Z4). Our table of generalized dihedral groups appears in Appendix C.

6 Sylow Structure of Generalized Dihedral Groups

6.1 Sylow Theorems

We know by Lagrange’s Theorem that for every subgroup H of a finite group G, the order
of H divides the order of G. However, the converse of this theorem does not hold. The First
Sylow Theorem offers a quasi-converse to Lagrange’s Theorem. The Norwegian mathemati-
cian Peter Ludvig Mejdell Sylow did extensive work in the area of group theory. Proofs of

the Sylow Theorems are available in [3]. Throughout this section, p will be a prime.

Definition 6.1. A group G is a p-group if every element in G has order a power of the prime

p. A subgroup of a group G is a p-subgroup of G if the subgroup is itself a p-group.

It turns out that finite p-groups are groups of prime-power order. The first of the Sylow
Theorems provides for the existence of prime-power subgroups of a finite group G when the

prime power divides the order of G.

Theorem 6.2. (First Sylow Theorem) Let G be a finite group and let |G| = p"m, where
n > 1 and p does not divide m. Then

1. G contains a subgroup of order p' for each i where 1 <i <n, and

2. Every subgroup H of G of order p' is a normal subgroup of a subgroup of order p'**
for1 <i<n.

Definition 6.3. A Sylow p-subgroup of a finite group G is a maximal p-subgroup of GG, that

is, a p-subgroup contained in no larger p-subgroup.

The second Sylow Theorem describes the relationships between Sylow p-subgroups. It

states that any two Sylow p-subgroups of a finite group are conjugate.

Theorem 6.4. (Second Sylow Theorem) Let P, and Py be Sylow p-subgroups of a finite
group G. Then Py and Py are conjugate subgroups of G.
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The last Sylow Theorem gives information about the number of Sylow p-subgroups in a

finite group.

Theorem 6.5. (Third Sylow Theorem) Suppose G is a finite group and p divides |G]|.
If |G| = p™m where p { m, then the number of Sylow p-subgroups is congruent to 1 modulo p

and divides m.
We apply the Sylow Theorems in the next examples.

Example 6.6. Take a group G of order 180. We completely factor 180 as 22 - 3% - 5. The
First Sylow Theorem guarantees that GG contains subgroups of orders 2,3,4,5 and 9. The
theorem does not assert however that G contains a subgroup of order 6 or of order 10. So
we see that the First Sylow Theorem is nearly a converse of Lagrange. Now consider the

Sylow p-subgroups of G. We can conclude the following for a group of order 180:
e the order of a Sylow 2-subgroup is 4
e the order of a Sylow 3-subgroup is 9
e the order of a Sylow 5-subgroup is 5.

Example 6.7. Next we consider a group G of order 20. We completely factor 20 as 22-5. The
Third Sylow Theorem provides us with information about the number of Sylow 5-subgroups,
which are of order 5. Let n; denote the number of Sylow 5-subgroups. We know that ns
divides 4 and is congruent to 1 modulo 5. The only divisor of 4 that is congruent to 1 (mod 5)

is 1. Thus there is a unique Sylow 5-subgroup.

6.2 Sylow Subgroups of Generalized Dihedral Groups

We will now consider the Sylow subgroups of the generalized dihedral groups. Given the
nature of the construction of these groups we expect to find that the Sylow subgroup structure
of G will affect the Sylow subgroup structure of D(G). We will see that dihedralization gives
a correspondence between the Sylow p-subgroups of G' and those of D(G) when p is an odd

prime. However this is not the case when p = 2.

Theorem 6.8. Let G be a finite abelian group, and let p be an odd prime. There is an
1somorphism-preserving correspondence between the Sylow p-subgroups of G and the Sylow

p-subgroups of D(G).

Proof. We have |G| = p™m where ptm and n > 1. The order of D(G) is then p"(2m). Let
H be a Sylow p-subgroup of G, so |H| = p™. By Proposition 4.2, {1} x H is a subgroup of
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D(G). Since p is odd and does not divide m, we have p 1 2m. Hence {1} x H is a Sylow
p-subgroup of D(G).

Recall that every element of the form (—1,¢) € D(G) has order two. Since p is odd, a
Sylow p-subgroup of D(G) contains no elements of this form, as this would violate Lagrange’s
Theorem. Thus its elements must all be of the form (1, g). So a Sylow p-subgroup of D(G)
must be of the form {1} x H, where H is a Sylow p-subgroup of G. ]

Theorem 6.9. Let G be an abelian group. If H is a Sylow 2-subgroup of G then D(H) is a
Sylow 2-subgroup of D(G).

Proof. Suppose the order of G is of the form 2"m, where n > 1 and m is odd. Since H is a

Sylow 2-subgroup of G we know |H| = 2". We can determine the order of D(H) as
|D(H)| = |Cy] - |H| =2 2" = 2",
Since |D(GQ)| = 2"'m, D(H) is a Sylow 2-subgroup of D(G). O

For p an odd prime, Theorem 6.8 says that the number of Sylow p-subgroups of G is the
same as the number of Sylow p-subgroups of D(G). By contrast, we find in Theorem 6.9
that the number of Sylow 2-subgroups of G is less than or equal to the number of Sylow
2-subgroups of D(G). It should be noted that this need not be an equality. For instance,
take any abelian group G of odd order. The trivial group is the only Sylow 2-subgroup of
G. However, given g € G, {(1,1),(—1,¢9)} is a Sylow 2-subgroup of D(G). In fact, D(G)
has |G| Sylow 2-subgroups when G is of odd order.
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A Table A: Non-abelian Groups of Order 16

Group Z(G)
Cy x Dy Cy x Oy
Ca X Qg Cy x Oy
Dy Cy
Q16 Cy
(r,y:2®=1=9y% 2¥ =23) )
(r,y: 2% =1=9y% 2¥ = a°) (x?)
(r,y,2 2t =1 =1y?* = 2% 1 central, 2¥ = z2?) ()
(z,y: 2t =1=y"a¥ =27 (2*,y%)
(r,y,2: 2t =1=19%= 22 2 central, 2¥ = z2) (2,27

Taken from [4]
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B Table B: Non-abelian Groups of Order 18

Group  Z(G) Sylow 3-subgroup
Dy {1} Cy
D3 X 03 03 CB X Cd
D3 x? D3 {1} Cg X Cg

Taken from [4]
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C Table C: Generalized Dihedral Groups of Order < 48

’ H Order ‘ # of Groups ‘ # of Abelian Groups ‘ Abelian G ‘ D(G)
1 order 1 1 1 {e} Zs
2 order 2 1 1 Lo Lo X Lo
3 order 3 1 1 Zs3 Ds
4 order 4 2 2 Ty Dy
5 Ly X Lo Lo X Ly X Ly
6 order 5 1 1 Zs Ds
7 order 6 2 1 Zg Dg
8 || order 7 1 1 Z, D
9 order 8 5 3 7.8 Dg
10 Ty X 7y Zo x Dy
11 Lo X Lo X Lo (Z3)*
12 || order 9 2 2 Zgy Dy
13 L3 X Zs3 T3
14 || order 10 2 1 Z1o Dio
15 || order 11 1 1 711 D1
16 || order 12 5 2 YAD Dy,
17 Ty X Lg Zo X Dg
18 || order 13 1 1 Z13 D3
19 || order 14 2 1 VAR Dy
20 || order 15 1 1 VAL D5
21 | order 16 14 5 Zye Dy
22 Zo % Zs Zo % Dg
23 Ly X Ly ?
24 Do X Dy X Ly | T X Zig X Dy
25 (Z2)* (Z2)°
26 || order 17 1 1 L7 D17
27 || order 18 5 2 VAL D1g
28 Lo X Lz X L3 Zo x Ty
29 || order 19 1 1 Z1g Dyg
30 || order 20 5 2 Za0 Dayg
31 Zg x Lo Zs x Do
32 || order 21 2 1 Zo1 Doy
33 || order 22 2 1 Zioo Doo
34 || order 23 1 1 Zos Dos
35 || order 24 15 3 Loy Doy
36 Ly X T2 Zg x D12
37 Zo X Uo X L | Zig X Zig X Dg
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